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Abstract. We give a characterization of G-regularity for super-Brownian motion and 
the Brownian snake. More precisely, we define a capacity on E — (0, oo) xR"^, which is not 
invariant by translation. We then prove that the hitting probability of a Borel set A C E 
for the graph of the Brownian snake starting at (0, 0) is comparable, up to multiplicative 
constants, to its capacity. This implies that super-Brownian motion started at time at 
the Dirac mass So hits immediately A (that is (0, 0) is G-regular for A'^) if and only if its 
capacity is infinite. As a direct consequence, if Q C -E is a domain such that (0, 0) G dQ, 
we give a necessary and sufficient condition for the existence on Q of a positive solution 
of dtu + ^Au = 2u^ which blows up at (0, 0). We also give an estimation of the hitting 
probabilities for the support of super-Brownian motion at fixed time. We prove that if 
d > 2, the support of super-Brownian motion is intersection-equivalent to the range of 
Brownian motion. 



1. Introduction 

The purpose of this paper is to give a characterization of the so called G-regularity for 
super-Brownian motion introduced by Dynkin |^] . Let us recall that a point (r, x) € M x 
is G-regular for an open set Q C M x M*^ if a.s. the graph of a super-Brownian motion 
started at time r with the Dirac mass at x immediately intersects Q^, the complementary 
of Q. (This definition can be extended to any Borel set.) We also recall that this is 
equivalent to the existence of nonnegative solutions of the equation ^ -|- ^Au = 2u^ on 
the open set Q, which blow up at (r, x) G dQ. 

Let = (0, oo) X M''. We prove that (0, 0) is G-regular for a Borel set A C M x M"' if 
and only if the capacity oi Ci E is infinite, for the following capacity: for any Borel set 
A' C E, 

cap {A') = [mil{u)]~, where 



I{iy)=ll dsdyp{s,y){ 1 1 u{dt,dxf^^ ''"^ ' 



E 



p{t,x) 
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and p denotes the heat kernel: 

(f \ = l (2vrt)-'^/2 e- l^'l' /2* if (t, x) G E, 
^^'"^^ to if G (-00,0] xM'^. 

(I "I denotes the Euchdean norm on M*^.) The infimum is taken over all probability measures 
u on E such that v{A') = 1. Notice this capacity is not invariant by translation in time 
or space. This capacity arises naturally when one consider the Brownian snake, a useful 
tool to study super-Brownian motion. Indeed, using potential theory of symmetric Markov 
process, I{v) can be viewed as the energy, with respect to the Brownian snake, of a certain 
probability measure (see section 4 for more details). 

We extend a result due to Dhersin and Le Gall |^] where the authors study G-regularity 
of (0,0) for sets Q = {(s,y) G E; \y\ < ^/sh{s)}, where /i is a positive decreasing function 
defined on (0, oo). Our result can also be viewed as a parabolic extension of the Wiener's 
test proved by Dhersin and Le Gall in an elliptic setting. 

The proof of our results relies on the Brownian snake introduced by Le Gall. We only 
give definition and some properties for completeness in this paper, and refer to Le Gall [p!o|, 



12] for a detailed presentation. We will use time inhomogeneous notations. 

Let (r, x) G M X R*^ be a fixed point. We denote by Wr,x the set of all stopped paths in M.'^ 
started at x at time r. An element w of Wr,x is a continuous mapping w : [r, C] R'^ such 
that w(r) = x, and ( = ^ oo) is called its lifetime. We denote by w the end point 
w(C). With the metric d{w,w') = |C(w) - C(w')| +sup5>^ |w(s A C(w)) - w'(s A C(w'))|; t^e 
space Wr,x is a Polish space. The Brownian snake started at x at time r is a continuous 
strong Markov process W = {Ws,s > 0) with values in yVr,x, whose law is characterized 
by the following two properties. 

(i) The lifetime process C = (Cs = C{Ws)^ s > O) is a reflecting Brownian motion in [r, oo). 

(ii) Conditionally given {Cs,s > 0), the process {Wg, s > 0) is a time-inhomogeneous con- 
tinuous Markov process, such that for s' > s: 

■ Ws'{t) = Ws{t) for r <t < m{s,s') = inf^gj^ ,,/] (v 

■ {Ws'{m{s, s') +t) — Ws' {m{s, s')), < t < Cs' — m{s, s')) is a Brownian motion in 
M.'^ independent of Ws- 

From now on we shall consider the canonical realization of the process W defined on 
the space Cl = C(M+, >Vr,a:), and denote by the law of W started at w G yVr,x- The 
trivial path x,. such that C(xr) — ^rif) = x is clearly a regular point for the process 
{W,£„). We denote by f^r,x the excursion measure outside {x^}. Notice that N,.^^. is an 
infinite measure. The distribution of W under Nr,x can be characterized as above, except 
that now the lifetime process C is distributed according to the Ito measure of excursions 
of linear reflecting Brownian motion in [r, oo). We normalize f^rx so that, for every e > 0, 



sup (s > £ + r 
.s>0 



1 

2e 



Let cr = inf {s > 0; = f} denote the duration of the excursion of C under Nr,x- The 
graph G* of W is defined under f^r,x by 

G* = {it,Wsmr< t<Cs,0<s<a} = {{Cs,Ws);0< s < a} . 
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We write Q*(W) for Q* when there is a risk of confusion. 

Let us now explain the connection between the Brownian snake and super-Brownian 
motion. First of ah, we introduce some notations. We denote by {Mf,Aif) the space of 
all finite measures on M*^, endowed with the topology of weak convergence. We denote by 
13{S) (resp. Bb+{S)) the set of all real measurable (resp. bounded nonnegative measurable) 
functions defined on a polish space S. We also denote by I3{S) the Borel (T-field on 5. For 
every measure u G Mf, and / S Bb+{M.'^), we shall write (z^, /) = / f{y)v{dy). We also 
denote by supp v the closed support of the measure v. 

We consider under Nr,x the continuous version (/* , t > r, s > O) of the local time of Q 
at level t and time s, and define the measure valued process Y on by setting for every 
t > r, for every (p e i3fc+(M'^), 

{Yu^)= r di\^{Ws). 

Jo 

Let Wr = [JxeRdWr^x- Let be a finite measure on W^, and X^jg/ (^vk* be a Poisson 
measure on C(M+,yVr) with intensity J fi{dx)Nr,x[']- Then the process X defined by 
Xr = /i and Xt = X^jg/ Yt{W^) if t > r, is a super-Brownian motion started at time r at ^ 



(see |10, [T^). We shall denote by Pr,^ (resp. Pr,x) the law of the super-Brownian motion 
started at time r at fi (resp. at the Dirac mass 5x)- We deduce from the normalization of 
Nr,x that, for every t > r, f^r,x [Yt ^ 0] = l/2(t — r) < oo. This implies that there is only 
a finite number of indices i G / such that Q*[W^) H [t, oo) x is non empty for t > r. 
We consider the graph of X: 



= U UW X suppXt = [Jg*{w^), 

e>r \t>£ J i£l 

where A denotes the closure of A. A set A C e(RxM^) is called G-polar if P^,^[g(X)nA / 
0] = for every (r, x) G M x M^. From Poisson measure theory, we have 

Pr,x[e(X) n A / 0] = 1 - Q-^rAG*r^A^^] . 

Hence A is G-polar if and only if Nr,x[^* n ^4 / 0] = for ah (r, x) G M x W^. We consider 
the capacity defined by: for A £ B{R x W^), 



cap' (A) 



inf / / dsdy / / ^{dt, dx)p{t — s,x 

J J RxW^ \J J (s,oo)xIR'' 




where the infimum is taken over all probability measures i/ on M x R'^ such that I'iA) = 1. 
Dynkin proved (see Theorem 3.2 in [^) that A G ;B(M X M'^) is G-polar if and only if 
cap'(^) = 0. (We have cap'(^) = <^ nr,x[Q* n vl / 0] = for ah (r,x) G M x R'^.) It is 
easy to check that if ^ C is a compact set then 

cap'(^) = 4^ cap(^) = 0. 

This can be extended to all Borel subsets of E since the two capacities are inner capacities 
(see Meyers ) . In fact it seems more relevant to consider the capacity cap to characterize 
G-regularity, as we shall see. We have the following quantitative theorem. 
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Theorem 1. There exists a constant Cq such that for any A £ B{E), 

4"^ cap(A) < No,o[^* n yl / 0] < Cocap(yl). 

The proof of Theorem |^ is spHt in two parts. In section 2, we introduce a capacity 
associated with a weighted Sobolev space, which is equivalent to the capacity cap. In 
section 3, using the connections between super-Brownian motion and partial differential 
equations, we prove the upper bound with this new capacity, and hence for the capacity 
cap. The lower bound is obtain in section 4, by using additive functionals of the Brownian 
snake introduced in ||5[. 

Now, for A £ B{R x M^), we consider under P,, ^ the random time 

TA = inf{t > r, {{t} X supp Xt) n ^ / 0}. 

Arguments similar as those of [|[ yield that ta is a stopping time for the natural filtration 
of X completed the usual way. Thus we have Pr,x{TA = r) = 1 or 0. Following Dynkin |^, 
section II-6], we say a point (r, x) G M x M'^ is G-regular for A^ if P^^x-^.s. ta = r. Let A'^^ 
denote the set of all points that are G-regular for A^. From the known path properties 
of super-Brownian motion it is obvious that int(j4) C A'^^ C A, where int(A) denotes the 

interior of A. We set Ta = inf |s > 0, {Cs,Ws) £ A^. Following ||5| it is easy to deduce 
from Theorem |l] the next result. 

Proposition 2. Let A £ ;B(M x M'^). The following properties are equivalent: 

1. {r,x) is G-regular for A'^; 

2. N^,^ [g*r\A^^= oo; 

3. i'xr-a-s- Ta = 0; 

4. cap(^r,a; Ci E) = OO, where A^^x = {(s, v)'-, {s + r,y + x) £ A} . 

We can give a straightforward analytic consequence of Proposition ^ and the link be- 
tween super-Brownian motion and nonlinear differential equation. 

Corollary 3. Let Q a domain in E such that (0,0) £ dQ. The following three conditions 
are equivalent. 

1. (0,0) is G-regular for Q ; 

2. cap(Q'= nE) = oo ; 

3. There exists a nonnegative solution of ^ -\- = 2n^ in Q such that 

lim u(s, y) = oo. 

(s,y)^(0,0), (s,s,)eQ 

The equivalence of assertions 1) and 3) is due to Dynkin [^, Theorem II. 6.1]. The 
equivalence of 1) and 2) is given by Proposition ||. 

Finally, using Theorem |^ we give in section 5 an estimation of the hitting probability of 
the support of Xi. And we prove that in dimension d > 2, the support of super-Brownian 
motion and the range of (i-dimensional Brownian motion are intersection-equivalent. 

2. Equivalence of capacities for a weighted Sobolev space 

In this section, we introduce a new capacity, associated with a weighted Sobolev space, 
which is equivalent to the capacity cap. This capacity will be very useful in the next 
section to prove the upper bound for Theorem ||. 
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If S is an open subset of W, we denote by C^{S) the set of all functions of class C°° 
defined on S with compact support. If / is a measurable function defined on S then 

II / lloo = s^Px&s \fis)\- We consider the Hilbert space L'^{p) = {/ £ i3{E); \\ f < ooj, 



X 



where ||/||(p) = Jf j^dtdx p{t,x)f{t, 

Notice the kernel defined on ExEhy k{t, x; s, y) = p{t — s,x — y)p{t, x)~^ is nonnegative 
and lower semi-continuous. Thus we can introduce the operator A defined on the set of 
nonnegative functions / G B{E) by: 

A(/)=,-.k,.(,/), = //^..., 

where * denotes the usual convolution product on E. Furthermore, the function A(/) is 
even lower semi-continuous (see Lemma 2.2.1]). 

We define the capacity Cap on E in the following way: \i A <Z E, then 

Cap(^)=inf{||/||2p); />0, A(/)>1 on a] , 

with the convention inf = oo. Notice this capacity is not invariant by translation in time 
or space. This capacity is an outer capacity (see Meyer s |l3| , Theorem 1]). Moreover, it 
coincides with the capacity cap on the analytic sets (see Theorem 14]). Now, we want 
to connect this capacity to an analytic capacity (see Baras and Pierre 1^ for similar results 
but with different norms). Therefore we consider the weighted Sobolev space Wd which 
is the completion of C^{E) with respect to the norm || • H^), defined by 



I IId = II dtV ll(p) + E II ^^'^ II(P) + E II II(P)' ^ ^o°°(^)> 

i=l i=l 



with the usual notations dtg{t, x) = ^{t, x), dig{t, x) = ■§§-{t, x) for x = {xi, • • • , x^) G M*^ 
and dfj^ = didi. Notice the non zero constants do not belong to Wd- We can introduce the 
outer capacity capD associated to Wd defined as follows. For any compact set K C E, we 
set 

capD(i^) = inf I II 99 11^; E C^iE), ip>0, 99 > 1 on k| 

= inf I II 99 11^; ip G C^{E), (/? > 0, (/9 > 1 on a neighborhood of k| . 
Then we set for any open set G C E, 

(1) capD(G) = sup {capD(^'r); K C G, K compact} , 

and, for any analytic set A C E, 

capD(^) = inf {capD(G); A C G, G open} . 
Notice the definition is consistent (see |2| for example). 
Proposition 4. There exists a constant G such that for any set A C E, 

Cap(A) < capD(^) < CCap(^). 
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Proof. Since the two capacities are outer capacity, it is enough to consider open sets. 
Now, using d) and Theorem 8], we see it is enough to consider compact sets. 

Let us introduce the operator H = dt — ^ A. We consider a non empty compact set K C 
E. Let ip £ Cq°{E) be such that if > and ip > 1 on K. Notice that (in the distribution 
sense) Hp = (5(0,0); where (5(0,0) the Dirac mass at (0,0) G M x M'^. Then we have 
p* [H{pip)] = (Hp) * (pip) = pip. The function / = p^-*^ \H{pip)\ = \H{ip) — (Vlogp, Vc^)! 
is nonnegative and A(/) > ip. Thus we have A(/) >lonK. We also have || / H^^^ < || \\d- 
Hence we have Cap(-fC) < Hvll^)- The first inequahty follows by taking a sequence ((/?„) 
such that II V'n III) converges to capD(i^). 

To prove the other inequality, let us consider a nonnegative function /i G L'^{p), such 
that A(/i) > 1 on i^. Notice it implies ||/i ||^p^ > 0. Let (5 > 0. It is easy to construct 
a function e G L'^(p) such that e > on S and || e Wf^^-^ < 5\\fi W^^^y We set /2 = /i + s- 
Since the function A(/2) is lower semi-continuous, the set {{t,x) G E; A(/2) > 1} is open 
and it also contains K. It is then obvious that for 5' > small enough, if we set f^{t, x) = 
/2(t, x)l|5/^j^y-i for (t,x) G E, we get A(/3) > 1 on an open set containing K. 

Let us introduce a nonnegative function h G C^{E) such that JJ ^ h(t, x)dtdx = 1. For 
> 0, we write hg{t,x) = 6~'^~^ h(t / 6 , x / 9) . Now using the uniform continuity of p on 
[6' /2, oo) X M'^, it is easy to see that if / = /i6'*/3 ; then A(/) > 1 on an open set containing 
K for 9 small enough. The function / is nonnegative, belongs to Cq°{E) and the function 
A(/) is of class C°°. We can choose 5 and 9 small enough so that || / H^-p^ < 2 || /i ||^p^. 

Let a G Co°([0,oo)) such that < a < 1, a = 1 on [0,1/2] and a = on [l,oo). 
Let C e C^iR'^) such that < ^ < 1 and ^ = 1 in a neighborhood of 0. We define 
an{t) = a(t/n) and S,nix) = ^(x/n). The function ipn = an^n^if) belongs to C^{E), is 
nonnegative and > 1 on a neighborhood of K for n great enough. 

Let us now give two key lemmata. If M is a bounded operator from L?'{p) into itself, 
we denotes by ||M||^p-j = sup{|| M(/) ||^p^; / G L'^{p), ||/||(p) = 1} its norm. We define 
the operator Ao: for / G B{E) nonnegative, Ao(/)(t,x) = t~^A{f){t,x), {t,x) G E. For 
T > 0, let us introduce Et = (0,T) x R'^. 

Lemma 5. The operators l^^A and Aq are bounded operators from L'^{p) into itself. 
Furthermore, we have \\1ej^A\\^^^ < T/\/2 and || Ao ||(p) < 2. 

Proof of Lemma ^. Let / G L'^{p)- The Cauchy-Schwarz inequality implies: 

- 2 

dsdy p{t - s, X - y)p{s, y)f{s, y) 



l^o(/)||L = // dtdxt-''p{t,x) 



E 



E 



E 



< II dtdxt '^p{t,x) ^ II ds'dy' p{t- s',x-y')p{s',y')s' ^^'^ls'<t 



dsdy p{t - s,x- y)p{s, y)s^/^f{s, yf 

E 

2 



< 2 



j j ^ dtdx t-H^'^ j j ^ dsdy Pit -s,x- y)p{s, y)s^'^f{s, y) 

/•OD 

dsdy Pis, y)f{s, yfs^'^ / t-'^'^dt < 4 || / 

J s 



|2 



II Ai 


ll(p) 


< 1 + 3d, 




ll(p) 


< 1, 


As,* 


ll(p) 


< 4. 
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Hence the operator Aq is a bounded operator from L?'{p) into itself. And we have || Aq ||(p) < 
2. The operator 1_EtA can handled in a very similar way. □ 

Lemma 6. The operators defined on C^{E) by: g G C^{E) 

A^{g)=dtA{g), 

for i €{!,•• -,4, A2,i{g) = ^dlA{g), 
and for i G {1, • • • , d}, A3^i{g) = di{logp) diA{g), 

can he uniquely extended into hounded operators from Lp'{p) into itself. And we have 

(2) 

(3) for i €{!,••• ,4, I 

(4) for i G {!,••• ,4, I 

The proof of this lemma is given in appendix. 

We now bound || H^,. Lemma || provides an upper bound for || dtifn \\{py 

WdtVnWi^p) < l|9tan,|lool|lSnA(/)ll(p) + l|Al/||(p) 

(5) <(l|5*a|U2-i/2 + ||Ai||(p))||/||(^). 
Using Lemma ^ we derive an upper bound for Yli=i II "^i logp ditpn ||(p): 

d d / \ 

^ \\di log pdiipn\\(^p^ < l|A3,i(/)||(p)+ sup \xidi^{x)\ ||Ao(/)||(p) 

i=l i=l \ ^GK" / 

(6) l|A3,i||(p)+ sup \xidiC{x)\ ||Ao||(p) ||/||(p) . 

i=i \ ^eM'' / 

In order to give an upper bound for Yli=i II (^ii^n ||(p)i we need an intermediary lemma. 

Lemma 7. There exists a constant c\ (depending on S,) such that for all n > 1, g G 
C^iE),i €{!,■■■ ,d}, 
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Proof. Recall that ^„ has compact support. Then, an integration by parts, Cauchy- 
Schwarz inequalities and Lemma ^ give for 1 < i < d, 



\iE„diUdiAig)\ 



= - jj ^piEMgminfdim 

- I j ^plE,M9){diinfdiK{g)di\ogp 

- 2 j j ^plEM9)diind^K{g)dUn 
< ll^i^nllL l|li?nA(5)ll(p) \\dliA{g)\\^p^ 



+ l|9»Cn|loo l|li?nA(5')ll(p) WdiAig) dilogp 



Hp) 



"I" 2 II 9iiCn I loo 

l|lEnA(5)||(p)||li5„a,en5iA((7)||(p) 



2IIA9 



lA.-^ 



If^iCllL Il5'll(p) 



+ 2i/2n-i liaielL II 5 II (p) \\lE^d,Cnmg) II . 
Notice that if a, 6, c are positive then < + ba implies a < c + b. Thus we get 

\\lEr,diCndiA{g)\\(^p-j 



< 2-i/4n-i/2 



2 II A 



24 I 



+ 11 A: 



3,i 



(P) 



1/2 



\9\\(p), 



which ends the proof. 

Using this lemma and Lemma ||, we get that 



□ 



a a 

E II lip ^ E [2 II Hiif) ll(p) + II IL II ^eMI) ll(p) +2 || ^E^U 5.A(/)) | 



(P) 



2 = 1 



(7) 



i=l 
d 

< E [2 II A2,i ll(p) +2-'/'n-' II IL +2cin-i/2 || / | 

i=l 



(P) 



Then we deduce from (|5|), (^), (0) and Lemma |^ that there exists a constant C2 independent 
of / and n > 1 such that 



Ln IId < C2 ll/l 



(P) • 



Thus we have ILnll^i ^ 2c2 ||/i||(p)- The second inequality of the proposition is then 



obvious with C = 4 . 



□ 



We shall need the following lemma. 



Lemma 8. There exists a constant 7 such that if K G E is a compact set such that 
capD(-ft') > 0, there exists ip G Cq^{E) which satisfies: 
i; < v? < 1, 

2) if = 1 on a neighborhood of K , 

3) W^Wd < 7capD(i^). 
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The proof is classic, but we give it for completeness. 

Proof. Let h £ C°°{[0, oo)) such that < /i < 1, /i = on [0, 1/4] and /i = 1 on [3/4, oo). 
Since capj:,{K) > 0, there exists g G Cq^{E) such that g > 0, g > 1 in a neighborhood of 
K, and 2capD(i^) > llfflli)- Let f = ho g. The function ip £ C^{E) satisfies 1) and 2). 
Let us check 3). We have 

\\dtv\\{p) < II /i' Hoc \\9tg\\^p), 
\\dilogp diifWf^p^ < ||/i'||^ ll^ilogp ai5r||(p) 

\\dl^\\{p) < \\h' \\oo\\dfig\\(^p) + \\{h" o g) {digfW^py 

Only the upper bound for the second right hand-side term of the last inequality is not 
obvious. We first search an upper bound for || (9j(/9i)^/(l + ipi) H^^^, where ifi € C^{E) is 
a nonnegative function. An integration by parts and Cauchy-Schwarz inequality give 

P-n-. T9=3// pSiiVJi— + // p dilogp diipi- 



E (i + v'i) JJ E ^ + 'Pi JJ E i + y^i 

< (3 II dfiipi ||(p) + II di logp diifi ||(p)) II {diififl (1 + ||(p) . 

Thus we get 

(8) II {dm? /{I + II < 3 (ll dim \\{p) + II di logp ^i'/'i II (p)^ 

Since we have \h"{t)\ < 2(l + i)~^ || h" \\^, taking ipi = g in the above inequality we deduce 
that 

II {h" o g) id,g? ||(p) < 2 II {d,g?/il + g) \\^^^ \\ h" \\^ 

< 6(11 dig ||(p) + II di logp dig ||(p)) || h" \\^ . 

The previous inequalities imply there exists a constant c depending only on h and d such 
that II 11^) < c II 5 ll^). Thus 3) holds with 7 = 2c^. □ 



3. Upper bound for hitting probabilities 

In this section we prove the second inequality of Theorem |l] for compact sets. Let us 
introduce K C Et a compact set such that capD(i^) > 0. Let ip be as in Lemma |8[ We 
set = outside E. We introduce the function = 1 — ip, which takes values in [0, 1]. 
We consider the function u defined on M x M'^ by u{t, x) = f^t,x[^* n -fC / 0] (g [0, oo]). 
With the convention O.oo = 0, the function uV'^ is bounded nonnegative and of class C°° 
on M X R*^. Let {Bt,t > 0) denote under Pq a d-dimensional Brownian motion started 
from 0. Ito's formula implies that for all t > 0, Po-a.s., 

u^p\t,Bt) = u^p\0,0) + f dt{uil^^){s,B,)ds 

Jo 

+ / ^{u^^){s,B,)ds+ I y{u^^){s,Bs)dBs. 
Jo ^ Jo 
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Consider the stopping time = T A inf{t > 0; \Bt\ > a}. We can then apply the stopping 
Theorem at time and get 

Eoui^^iTa, BtJ = u{0,0) + Eo [ " dt{ui^^)is,Bs)ds + Eo [ ^{ui;^){s,Bs)ds 

Jo Jo ^ 



= «(0,0) +Eo / " 
Jo 



(s, Bs)ds. 



We have used that dtu + ^ Au = 2ii^ to get the last equality. Notice that each integrand 
is either nonnegative or bounded. By dominated convergence and monotone convergence, 
we get as a goes to infinity 



u{0, 0) + 2 II 1e^ II = Eo^V^ 



{T,Bt)- [[ p 



Since K C Et, we deduce that u{t, x) = for t > T. Thus we have: 
(9) + euV'^ (VV-, VV') + 2ui/j^AiIj 



«(0,0) + 2||tiV'll^) 



We now bound the right hand side. Using CaTichy-Schwarz inequality, that < ip < 1, 
and that —if and V' have the same derivatives, we get 



putp^dttp < II uip'^ 



\dtv\ 



and 



-//. 

[ [ pui^\V^,Vi^) < II^V' ll(p) E II {di^f Wip) 
JJe .^^ 

d 

<2||uV''l|(p)^l|(5»'^)V(l + ¥')ll(p) 

i=l 

d 

< 6 II ui)"^ \\{p) 1^(11 dlifi ||(p) + II di \ogp diif ||(p)). 



i=l 
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where we have used (^) with Lpi = Lp for the last inequahty. Now an integration by parts 
and Cauchy-Schwarz inequahty give 

-// pip^iVuyij) = piiV'^ [V'(Vfogp,vV') + 3(VV',VV') +MV'] 
JJe JJe 

d 

^ II ^V'^ II (p) [ll +3 II {diipf II + II dfiip\\(^p) 
1=1 



a 

< 19||uV'^||(p)^ \^\\dilogpdiip\\(^p) + \\dfi<f\ 



ip) 



1=1 



where we have used again for the last inequality. Taking those results together, we 
deduce from (^) that 



u(0,0) + 2 II uV'^ ||(p) < C3 Wu'ip'^ ||(p) llv^ll^,, 

l{p) 



where the constant C3 depends only on d. Since || uip'^ \\r is finite (recall uip is bounded, and 



zero on [T, 00) x M ), this implies that || uip H^p-^ < C3 || H^, and hence u{0, 0) < C3 || 99 1|^. 
This last inequality and the definition of ip imply that 

No,o[a* ni^ / 0] = ^(0,0) < ci7capD(-ft:) < Cap{K) = cljCcap{K). 

4. Lower bound for hitting probabilities and proof of Theorem |i] 

In this section, we prove the first inequality of Theorem [l| for compact sets. Let us 
introduce a compact set K d v a, probability measure on K, and T > such that 
K C Et- We consider the probability measure defined on Wo,o by 



^{dw) = u{dt,dx) Pq (dw), 



where Pq^ is the law on Wo,o of the Brownian bridge starting at time at point and 
ending at time t at point x. Notice that the measure fi is in fact a measure on Wqq, the 
set of non trivial path in Wo,o (a trivial path is a path of lifetime zero). The measure Pq^ 
can also be viewed as a probability measure on the canonical space C(M"'",R'^) endowed 
with the filtration (Ct) generated by the coordinate mappings. Let Pq be the law on the 
canonical space of the standard Brownian motion. For s G [0,t), we have 

j^t,xf, ^ P{t-s,x-w{s)) 

Pq id'^)\Cs = Po(dw)|c,. 

We consider the energy of fi with respect to the process (Ws) (see Q for a precise 
description and definition). Thanks to |11, Proposition 1.1] we have: 



S{^) = 2j dsFo i^j j u{dt,dx)p{t - s,x -w{s))/p{t,x)^ 



Now, using |5|, Proposition 5], we know there exists an additive functional A of the Brow- 
nian snake killed when its lifetime reaches such that: 

(i) For every Borel function F > on >Vo*0' ^0,0 [j^ F(Ws)dAs\ = J ^(dw)F(w). 
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(ii) No,o[Al]=2£{p). 

We deduce from (i) that the additive functional increases only when Wg G supp v d K. 
Therefore, using the Cauchy-Schwarz inequality, we get 

No,o[6^* n A- / 0] > No,o[^oo > 0] > No[Aoo]VNo[^L]- 

We get No,o[^*niC 7^ 0] > Since the above inequality is true for any probability 

u on K, we get that 

No,o[a* n K / 0] > Cap(A') = 4r^ cap(i^). 

Proof of Theorem |l[ Notice the apphcation defined on B{E) by r(^) = No,o[^* n A / 0] 
for A G B{E) is a Choquet capacity (see theoreme 1]). Since the capacity cap is an inner 
capacity (see [|l3|. Theorem 12]), it is enough to prove the theorem for compact subsets 
of E. The result is then given by the previous section (with Co = c|7C) and the above 
result. □ 



5. Brownian range and support of Xi 

In this section, we first give an estimation for the hitting probabilities of the support of 
Xi . Then we prove that the range of Brownian motion and the support of super-Brownian 
motion at fixed time are intersection equivalent. 

Let us fix d > 2. We denote by cap^_2 the usual Newtonian (logarithmic if d = 2) 
capacity in R*^: 

-1 



caPd_2(^) 



inf / / p{dx)p{dy) hd-2{\x - y\) 



'XJl 



with h^{r) = r^"' if 7 > and hQ{r) = log^(l/r). The infimum is taken over all probability 
measures p on such that p{A) = 1. Let -6(0, h) be the open ball of M'^ centered at 
with radius h. 

Proposition 9. Let M > 0. There exist two positive constants a and b such that for any 
Borel set A C -6(0, 1), for any finite measure p on -6(0, 1), with (p, 1) < M , we have 

a{p, 1) caprf_2(^) < Po,/.[supp Xi n ^ / 0] < b{p, 1) caprf_2(vl). 

Proof. Let A C -6(0,2) be a Borel set. Let be a probability measure on E such that 
i^({l} X ^) = 1. Then we have u = 6^ij x p, where p is a probability measure on R*^ such 
that p{A) = 1. We get 



=11 dsdyp{s,y) 

(0,l)xRrf 



IL 



p{dx)p{dx')p{l — s,x — y)p{l — s,x' — y)p{l,x) ^p{l, x') ^ . 

AxA 

Since x,x' are in -6(0,2) and since s S (0,1) it is easy to see there exist two positive 
constants oi and hi (independent of A and p) such that 



p{dx)p{dx') hj^_2{\x — x'\) < hil{v). 

J J AxA 
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This imphes that for any Borel set A C -6(0, 2), 

aicap^_2(j4) < cap({l} x A) < 6icap^_2(^). 

Since the capacity cap^_2 is invariant by translation, we get that for any Borel set A C 
.6(0,1), for any x E 5(0,1), 

aicap^_2(^) < cap({l} x A^) < 6icap^_2(^), 

where A^ = {y; y — x £ A}. We deduce from Theorem |^ that 

caprf_2(^) < No^g* n ({1} x A) / 0] < Coh caprf_2(^). 

Since Xi = Yli^i ^1(^^)1 where ^w^ ^ Poisson measure on C(M+, Wo) with inten- 
sity / /u((ix)No,x[']5 we have 



■ 0,At 



supp Xi n A ^ 0] = 1 - e- / M('^^)No,.[supp Y,nA^%] 



Notice that No,x-a.e., {1} x (supp Yi n A) = G* f] ({1} x A). Since (fi, 1) < M, we then 
easily get the result. □ 



Intersection-equivalence between random sets has been defined by Peres [15|. Two 
random Borel sets Fi and F2 in are intersection-equivalent in an open set U, if there 
exist positive constants a and b such that, for any Borel set A G U, 

aP[ylnFi] < P[^nF2] < bF[AnFi]. 

If vr is a probability measure on i?(0, 1), then we denote by P,r the law of a d-dimensional 
Brownian motion {Bt,t > 0) started with the law vr. For d > 3 the range of Brownian 
motion is defined by TZb = {Bt,t > 0} in M'^. For d = 2, we also denote by TZb the 
set TZb = {Bt,t S [0,C]}) where is an exponential random variable of parameter 1 
independent of {Bt ,t > 0). 

Corollary 10. Let M > 0. There exist two positive constants a and b such that for any 
Borel set A C -6(0, 1), for any absolutely continuous probability measure vr on -6(0, 1) with 
density bounded by M, for any finite measure fj, on -6(0, 1), with {p, 1) < M , we have 

a{fi, l)P^[7^B n ^ / 0] < Po,^[supp Xi n ^ / 0] < 6(/i, l)P^[7^B n ^ / 0]. 

Proof. This is a consequence of Proposition |9| and the fact that there exist two positive 
constants 02 and 62 such that for any Borel set A C -6(0, 1), for any absolutely continuous 
probability measure vr on -6(0, 1) with density bounded by M, 

a2 caprf_2(^) < P^[7^B n ^ / 0] < 62 cap^^^i^) 



(see for example [La, Proposition 3.2] for d > 3 and [14| for d = 2). □ 



6. Appendix 



In this section, we give the proof of Lemma ^ which relies on the properties of the Hermite 
polynomials. We first recall the definition and some properties of those polynomials. 
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6.1. Hermite polynomials. For n = (ni, • • • ,nd) G N"^, we set \n\ = X^iLi^T-j, n\ = 
HiLi nil and Yln>o = Yli=i YlTi=o- J ^ {!> • • • , c^}, let S{j) be the element of N"^ such 
that = Sij, the standard Kronecker symbol. If z = (zi, • • • , z^) is an element of M.'^, 
then we set z'^ = HiLi -^^j"'- Let (•, •) be the Euclidean product on W^. 

The function ip{z) = e"''^' -2(z,a;)]/2 jg entire function defined on R'^. We have 

(10) e-[l^l'-2{-''-)]/2^y i-z"^e„(x), 

^-^ n! 

n>0 

where the n-th term Hen{x) is a polynomial of {xi,--- ,Xd) of degree |n| called the n- 
th Hermite polynomial. Those polynomials can easily be expressed with the usual one 
dimensional Hermite polynomials {He^^\k G N): Hen{x) = Y[i=i ^^n^ i^'i)^ where x = 

(Xl,--- ,Xd). 

Now, let us recall some basic properties of the polynomials Hcn- The following recur- 
rence formula can be deduced from (^) by derivating w.r.t. zf for all n G N'^ such that 

rii > 0, 

(11) Hen{x) = XiHen_sii){x) - {ni - l)Hen-26ii){x), Vx G M'^, 

where by convention Hen-kS{i) = if rij — A; < 0. The derivative formula can be deduced 
from (|lO| ) by derivating w.r.t. Xji for all n G N'^, 

(12) diHen = niHen-5(i)- 

We also recall the upper bound for Hen (see [||, 22.14.17]): there exists a universal constant 
1 < Co < 2 such that 

(13) \Hen{x)\ <4V^.e^''^' for all x G M'^, n G N'^. 
Using the definition of the Hermite polynomials, it is also easy to prove that: 

~ d 

(14) J dx p{t, x)Hen{x/Vi)Hem{x/Vi) = n! JJ 5n, 



1=1 



It is also well known that the Hermite polynomials is a complete orthogonal system in 
L^(R'^, e~ '^'1 dx). Finally, standard arguments on Hilbert spaces show that if / G L'^{p) 
then 



f{i,x) = ^fn{t,x) = ^iJe„(x/Vt)c/n(i), 



n>0 n>0 



where gn{t) = (nl) ^ f dx p{t,x)Hen{x/\/t)f{t,x) and gn G L^((0,oo)). Furthermore, we 
have 

/>oo 

(15) ll/llw = E^'/ dtgnitf. 



n>0 



Since Co^((0, oo)) is dense in L^((0,oo)), it is clear that the set A of functions f{t,x) = 
'Yl,n>o ^^ri{x / ^/t)gn{t) where gn G C^((0,oo)) is non zero for a finite number of indices 
n, is dense in L?'{p). 
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6.2. Proof of Lemma ^. In a first step we prove there exist unique bounded extensions 
Ai, A2,j and A^^i in L'^{p) of the operators Ai, A2,j and A^^i defined on A. Then in a 
second step we check that the extensions Ai, A2,i and A^^i and the operators Ai, A2,j and 
As^j, which are also defined on Cq^{E), agree on Cq^{E). 

First step. Let us compute A(/) for very particular functions f £ A. Let g £ 
Co°((0, oo)), Q and (3 be two positive reals such that supp g £ [a, /?], and G{t) = Jq ds g{s). 
For n G N"^, and {t, x) G E, we set 

= i?e„(x/V^)t-l"l/2g(t). 

Let us prove that 

(16) A{hn,g) = K,G- 

For z G M, we introduce the function Tig^z defined on E by 

ng,z{t, x) = Y,-, z''K,g{t, x) = g{t) e-[l^l' -2(--^)]/2* . 



n! 

n>0 



Then we have 

ft 



A{ng,z)it, x) = j ds j dy p{t - s,x- y)p{s, y)ng,zis, y) 



1 , f , f ^it ~ s) sx (t — , \ / \ 

ds dypl ,y-- : ] p{t,z - x)g{s) 



p{t, x) Jq J \ ^ t t 

^-[N^-2(.,.)]/2* f dsg{s)=nG,z{t^^)- 
Jo 



Using ([l3|), Chapman-Kolmogorov equation, and that supp g G [a,/5], we get 

A{\hn,g\){t, x)<V^. 4p{t, j I ^ dsdy Pit -s,x- y)p{s, y) e'^ l' s" l"l \g[s)\ 

<V^. {V2coyp{t,x)~^ [ dsp(t + s,x)s-l"l/2|5(s)| 

Jo 



Jo 

< V^. {V2co)'' el^l' \\g\UP- a)a- l"l Z^. 

The radius of the series ^ a'^(/c!a'')~"'^/^ is infinite. Thus for any {t,x) G E the series 
'^{nl)~^ z'^A(\hn^g\){t, x) are convergent. Fubini's theorem implies that 

^ 1 z^A{K,g){t, a:) = A j ^ 1 I (t, x) = HcAi^ 

n>0 ■ yn>0 ■ J 

Hence the two series "^(nl)'^ z'^A{hn^g){t, x) and Y2{nl)^^z"'hn^Git,x) agree. Since their 
radius of convergence is positive (in fact infinite), we get that ( p^ is true. 



16 JEAN-FRANgOIS DELMAS AND JEAN-STEPHANE DHERSIN 

Let US prove that A.2^i has a bounded extension on L'^{p). We deduce from (12) that 

1 



A2,i{hn,g){t,x) = -diiK{hn,g){t,x) 



1 /■* 

- min^ - l)Hen^25(i) {x/Vt)t- '"I /2 / ds g{s). 



(17) 

Let us introduce f € A, i.e. for {t,x) G E, f{t,x) = Yln>o ■^^n{x/Vi)gn{t), where 
Qn G C^((0, oo)) and Qn = ^ except for a finite number of terms. By linearity, we have 

„>0 ^0 



Thus, using (|14|), we have 



l|A2,(/)||(p) = ^(n-2<5(f))!4"inf(n,-l)2y^ t^^-H (i5.H/2^„( 



n 2 



n>0 



n>0 

2 



nj(nj - 1) 4 



4 (|n|+l)2 



< 



(p)' 



where we used the Hardy inequality: for k > —1, 



dt t 



-2-fe 



< 



dt h{tf 



^"'Ks)ds^ -(^ + 1)2 

for the first inequality and (|l5| ) for the second one. This means that A2,i, defined on A, 
can be uniquely extended into a bounded operator A2,i from Lp'ip) into itself. The above 
inequality implies ||A2,i||(-pj < 1. 

For i G {1, • • • , d}, we set A^^i = As^j + 2A2,i. Using (IT^) and (|lT|) , we deduce from (ll^) 
that 



(18) A4,»(/i„,g)(t,x) 



{xi/Vi)diHen{x/Vi) + ni{ni - l)Hen-2S{i)ix/Vi) 

.^Hen{x/Vt)t-^-\''\/^ [ dsg{s). 

Jo 



-l-\n\/2 



ds g{s) 



Arguing as above, we get for / G ^, 



l-OO 

\\A,,{f)\\l^ = ^nln^ dtr 

n>0 •'^ 

< nh 



■2- n 



n>0 



< 4 



|n|+l)2 



dt gnitf 
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Thus the operators A^^i and A^^i, defined on A, can be uniquely extended in bounded 
operators A^^i and A^^i from Lp'{p) into itself. Furthermore we have ||A4^j||^p^ < 2 and 



|A3,i||^,^ < ||A4,i||(p) +2||A2.,:I^„^ < 4. 



(p) - l|-4,«||(p)T-||^-AMI(p) 

The proof concerning Ai easily follows from the previous results. From ([l^), we get 



Al{hn,g){t,x) 



d ~\ r 

Hen{x/Vt) + 5^ ^diHen{x/Vt) t-^"!"! 



Then using (^) and (18), we get 



Al{hn,g) 



1 



i=l 



ds g{s). 



I+Yl [A4,i - A2,i] 



i=l 



This means that Ai = / + X]f=i [^4,* ~ ^2,?.] on A. Hence Ai can be uniquely extended in 



A. 



4,j 



A. 



2,j 



. We deduce 
□ 



a bounded operator Ai from Lp'{p) into itself and A 
that II Ai II < 1 + 3d. 

Second step. We first consider the operators A^^i for i G {I,-- - To check that 
As^j and Aa^j agree on C^{E), it is enough to check that for ip £ C^{E), A3^j((/?)(t, x) = 
A3,i{(p)it,x) dtdx-a.e. Let (p £ C^{E). For A; e N, we define, 

H^kit^x) = V i?en(x/\/t)(n!)"^ / dy p{t,y)Hen{y/Vi)ip{t,y). 
\n\<k ■^^'^ 



The sequence {^Pk,k > 0) converges in L'^{p) to (^9. 

If X € M'^, y G M, i G {1, • • • ,d}, we denote by z = the element of such that 
Zi = y and = xj for j / i. Since A3,i(/)(t,x) = -t~^XidiA{f){t,x) for / G C^(£'), 
we see that an integration by parts gives 

dy A3,i(/)(i, xM = -t~'xiA{f){t, x) + T t-^A{f){t, xt). 



(19) 











For short we write Pi{f) for the operator Pi{f){t,x) = Jq'^ dy f{t,Xy). Let R > and 
T > e > be fixed. Let Q = [e,T] x [-R,Rf. The heat kernel p is bounded below and 
above on Q by positive constant, say cq and Cq. Using Cauchy-Schwarz inequality we 
have 



lQPi{f)\\l)<CQR^ II dtdx f{t,xf <CQCQ'R^\\f\ 



2 

(P) • 



Thus the operator IgPi is continuous from L'^{p) to L'^{p). Thanks to Lemma ^ and the 
above first step, we get that the sequences (lQPj(Ao(</?fc)), k > 0) and (IgPi^A^^i^ipk)), k > 
0) converge in L'^{p) respectively to lQPi(Ao((/?)) and lQPi{A3^i{(p)). Notice also that 
(1qA(99o-(;j)), k > 0) converges in -L^(p) to 1qA((^). Thus, there is a subsequence {(7{k), k > 
0) such that the sequences {lQPi{Ao{ip^^k))), k > 0), {lQPi{A3^i{ip^(^k))), k > 0) and 
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(A(i/9g-(fc-)), k > O) converge dtdx-a.e. respectively to lQPi{AQ{ip)), lQPi{As^i{ip)) and A((/?). 
Now (|l9| ) holds for / = V'(t(/c)) this means that for {t,x) G Q, 

Pi{Az,i{^a{k))){t,x) = -t''^XiA{ip^(^k)){t,x) + Pi{Ao{iPa(k))){t,x). 

Taking the limit we get that dtdx-a.e. in Q, 

Pi(A3,i(v3))(t,x) = -t-^XiA{ip){t,x) + Pi{Ao{ip)){t,x). 

Since R, T, e are arbitrary, the above equality holds dtdx-a.e. in E. Since (|l^) holds also 
for / = (/?, we deduce that dtdx-a.e., 

Xi pXi 

dy A3^i{ip){t,xi) = / dy A3^i{ip){t,xi). 







Hence we have dtdx-a.e., A3^i{^p){t, x) = A3^i{ip){t,x). 

The proofs concerning the operators Ai and A2^i, for i G {1, • • • ,d}, and their extensions 
follow the same ideas. □ 
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